Robustness of Global Asymptotic Stability in Indirect
Field-Oriented Control of Induction Motors
I. INTRODUCTION
The indirect field oriented control (IFOC) methodology is widely and successfully applied to meet high performance requirements with induction motor drives. The commissioning of an IFOC drive requires the knowledge of the rotor time constant, a parameter which can vary largely during the drive's operation. The consequent mismatch between the actual value and the commissioned value causes loss of field orientation, implying important performance and stability problems [6] , [9] - [12] . Analysis of the robust stability of IFOC drives is therefore a major issue and as such has been pursued in [1] , [3] - [5] , [7] , [13] , and [14] .
The existence of parameter ranges for which IFOC drives can present several equilibrium points has been proved in [7] and a complete characterization of the dependence of the equilibria on the rotor time constant mismatches has been given in [4] . Local stability properties of these equilibria have been investigated in [1] , [4] , [14] through bifurcation analysis; conditions for nonexistence of neither saddle-node nor Hopf bifurcations were provided. Guidelines for setting the speed or position controller in order to guarantee a certain local asymptotic stability margin with respect to rotor time constant mismatches for a practical load range were given [2] .
A quadratic Lyapunov function for IFOC drives has been derived in [7] , proving its robust global asymptotic stability. A generalization of this Lyapunov function has allowed to derive explicit formulae to conclude about robust global asymptotic stability in [4] . A passivity based analysis has been used in [8] to conclude about robust global asymptotic stability in the special case of zero load operation. In this note, we completely characterize quadratic Lyapunov functions for IFOC drives in speed or position control tasks, thus generalizing the aforementioned results. A procedure for determining guaranteed global asymptotic stability margins is presented which is significantly less conservative than the ones obtained with the previous results, and guidelines for setting the speed (or position) controller are derived from these calculations.
The note is organized as follows. Section II formulates the problem and provides the complete model for the induction motor with IFOC; the model is valid both for proportional-integral rotor speed regulation and for rotor position regulation through proportional-derivative control. The model is parameterized in the rotor time constant mismatch, which allows for the robustness analysis. In Section III, an explicit condition to conclude about global asymptotic stability is provided, which also yields a test for robustness of the global stability property regarding rotor time constant mismatches. This test is explored in Section IV to obtain robust global asymptotic stability margins in an example, showing that it is much less conservative than the ones previously presented [3] , [7] . Finally, Section V provides a discussion on the results obtained.
II. SYSTEM MODEL AND EQUILIBRIA

A. IFOC Modeling
We consider the current fed induction motor model expressed in a reference frame rotating at synchronous speed. In terms of state variables, this model can be written as 
where x 1 and x 2 represent the q-axis and d-axis rotor fluxes, respectively, w is the rotor speed, u 1 , u 2 and u 3 stand for the inputs-the slipping frequency, the d-axis and q-axis stator current components, respectively; T m is the load torque, which is assumed constant, and the "c" parameters are all positive. In particular, c1 represents the inverse of the rotor time constant, which is a critical parameter for indirect field oriented control.
In speed regulation applications the IFOC strategy is usually applied along with a PI speed loop as described by the following equations [7] , [12] : We parameterize the closed-loop system (1)- (3) with the control (4)-(6) (see Fig. 1 ) in terms of the degree of tuning , yielding a fourthorder system that can be described as For position regulation (6) is substituted by a proportional-derivative controller 
which is the same as (11) but with K c = K p 0 K d c 3 in lieu of k c and
Since the resulting dynamic model for the position regulation is the same as for speed regulation with zero reference speed, all the results derived for speed regulation are also valid for position regulation, and we henceforth treat only the constant speed regulation case.
B. Tuned System
A constant rotor flux must be established inside the motor before the systems can be operated. This is called the magnetization phase which is a second-order linear system. We shall refer to the dynamic system (15) as the tuned system, which is usually taken as a base for setting the PI gains.
C. Shifting the Equilibrium
The equilibria of (8)- (11) 
The equilibria are parameterized in terms of a single dimensionless quantity r, which satisfies (17). Each real solution of (17) represents an equilibrium. Since this is a third-order polynomial equation, there are either one or three equilibria. Since the coefficients of this equation are functions only of the degree of tuning and the normalized load r 3 , these two parameters completely define the equilibria. A complete characterization of equilibria has been given in [4] where it has been shown that the equilibrium is unique if and only if 3. Consider an arbitrary equilibrium and define the change of coordinates z 1 = x0x e . Writing the system (8)-(11) in these new coordinates and using (16) yields 
Then the derivative of V along the trajectories of (18) (24)
then the origin of (18) (23) is violated there will always exist a z4 which will make the second term in the derivative positive and larger in modulus than the first term, so that the derivative can not be globally negative in this case.
Conditions (24), (23) and (25) define a class of Lyapunov functions for the system (18) of quadratic form. Interestingly, any quadratic Lyapunov function must satisfy these conditions. Thus, in particular, the Lyapunov functions proposed in [3] and [7] , which are also quadratic, are special cases belonging to this class. Indeed, the Lyapunov function proposed in [3] corresponds to a special choice of the P matrix and satisfies A T 1 ()P + P A 1 () = 0 for all .
These conditions are in the standard form of linear matrix inequalities and equalities (LMIs and LMEs, respectively) and as such can be solved with standard software. They provide a simple verification procedure to conclude about global asymptotic stability for any particular IFOC induction motor drive in any particular operating condition. They also provide a way to determine robust global asymptotic stability margins with respect to for such systems, i.e., for a given PI setting and loading condition r 3 find, if possible, a range of for which global asymptotic stability of system (18) is guaranteed. That such a range does exist around = 1 for any PI setting and load condition has been proven elsewhere [3] , [7] . Its determination can be accomplished through the following steps. (24), and (25). 6) All the points in the mesh for which the problem is feasible represent a globally asymptotic stable operating condition.
IV. DETERMINATION OF ROBUSTNESS MARGINS
The real solutions of (17) give the equilibrium values of r for any given degree of tuning --and any given load -r 3 . We know that (17) has a unique real solution for any load if and only if 3 [4] . Hence, g.a.s. can be obtained for all load only within this range of parameter mismatch. This is also the practical range of variation of this parameter in most drives, as practical variations of the rotor time constant due to temperature and load variations are usually within 200% [9] . Accordingly, since in this note we are concerned with g.a.s., we consider only the parameter range 2 r 3 2 f(0;3) 2 <g.
Theorem 1 provides a test for global stability which can be applied for any motor in any operating condition. This test is a generalization of the previously presented robustness criteria [4] , [7] , [8] . The matrix equations in the test depend on all the parameters of the drive, which can be divided into four sets
• the physical parameters of the motor (the 'c' parameters);
• the setting of the PI (k p and k i );
• the load (r 3 );
• the mismatch in the rotor time constant ().
In order to get a better insight to the problem and establish typical robustness margins we apply the global stability test to data taken from a real induction motor. We aim to study, for a given motor and a given setting of the PI speed loop, what is the region of the parameter plane Furthermore, we perform this procedure for different settings of the PI speed loop, in order to verify its influence on the robustness of the 
Then the parameter is used to represent the PI setting. That this is a one to one parameter mapping has been shown in [2] . It was also shown in [2] that the equilibrium point is locally asymptotically stable for all 2 (0; 3) and r would be a choice for a critically damped transient response and the above analysis could be easily replicated for this case. The choice (27) is motivated by the observation that the choice of real eigenvalues seems to be the most favorable one regarding the stability margins and transient performance [2] . In order to verify the effectiveness of the proposed global stability test (Theorem 1), we compare the region in the parameter space 2 r 3 for which global asymptotic stability of IFOC is guaranteed by the proposed test with the one guaranteed by the test given in [4] . Recall that the class of Lyapunov functions from which the test of [4] is derived is a subset of the class defined in this note. Recall also that the Lyapunov function given in [7] is a particular case in this subset. We take data from a three phase induction motor, with 1-HP rated power output and 220-V rated line voltage. The parameters of the motor are given in the Appendix. Let the parameters of the PI be chosen as in (27) with = 2. Then, we apply the global stability test for and r 3 over a grid in the rectangle (0; 3) 2 [0; 2]. Fig. 2 shows the region of the parameter space 2 r 3 for which the test gives a positive answer: plot (b) shows the results obtained with the LMI/LME criterion in this note; the results obtained with the criterion in [4] are shown in plot (a). The operating point is guaranteed to be globally asymptotically stable for all load and parameter mismatch in the dotted region.
One can see that the range of parameters for which g.a.s. is guaranteed is larger with the proposed LMI/LME criterion. As faster response is assigned through the PI settings, the improvement on the stability margins is even more evident. This can be seen in Figs. 3 and 4 , which show the cases for = 10 and = 20. For faster system's response the new LMI/LME is far less conservative.
For moderate values of , that is, when the system is not made too fast by the PI settings, global asymptotic stability is guaranteed for most practical values of and r 3 . As the system is made faster, the range of parameter values for which g.a.s. is guaranteed gets smaller, particularly for < 1. For = 20 this range is much smaller than the practical range of interest. Recall that for > 23 not even local stability is obtained for all in the range (0; 3). 
V. DISCUSSION
We have provided a test for robust global asymptotic stability of IFOC which can be easily implemented provided the physical parameters of the motor are known. This test provides allowable margins of errors in the rotor time constant for any given IFOC drive.
The proposed test generalizes previous results based on quadratic Lyapunov functions. It provides the largest global asymptotic stability margins for IFOC, with respect to rotor time constant mismatches, that can be estimated by means of quadratic Lyapunov functions. Results provided for a particular IFOC drive have confirmed such improvement with respect to previous methods.
The proposed robust stability test also provides a means to tuning the PI speed/position regulators for IFOC drives. By choosing practical ranges of parameter and load variations ( and r 3 ), global asymptotic stability can be ensured for that range by iteratively applying the stability test for different PI settings. Rules of thumb can also be derived from these results as guidelines for such tuning: the speed loop should not be made too fast, as the robustness margins would become too small. This rule is consistent with the local asymptotic stability analysis provided in [1] , [3] , [7] , and [8] .
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